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ABSTRACT / 5{ 5’%7

The equilibrium shape of an array of long elastic
structural members in circular orbit under the influence
of gravitational, inertial, and solar pressure forces and
thermal bending is considered. Appropriate nonlinear dif-
ferential equations governing the deflection of thin beams in
the orbital environment are derived, and a method of solu-
tion exploiting the repetitive operation and oscilloscopic
display capability of some analog computers is described.
The analysis is then applied to a Radio Astronomy Ex-
plorer satellite design with four coplanar booms extending
as cantilever beams from a central body, and arranged so
as to act simultaneously as antennas and gravity-gradient

attitude control rods. (A\\()ﬁ
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EQUILIBRIUM SHAPE OF AN ARRAY OF LONG
ELASTIC STRUCTURAL MEMBERS IN CIRCULAR ORBIT

by
Thomas W. Flatley
Goddard Space Flight Center

INTRODUCTION

The present analysis was undertaken in support of preliminary planning for a radio astronomy
satellite which will study galactic electromagnetic radiation in the 1- to 10-megacycle range; this
radiation is shielded from ground-based radio telescopes by the atmosphere of the earth,

The configuration considered here is one which has been chosen for initial flights and repre-
sents a compromise between antenna requirements and ease of mechanization and control. Basi-
cally, it consists of four coplanar booms (Figure 1) extending as cantilever
beams from a central body; the booms are arranged so as to act simultane-
ously as antennas and gravity-gradient control rods.

When the configuration has been placed in circular orbit, one pair of
booms forms a "V'" antenna pointing radially outward from the earth and
scans a great circle on the celestial sphere once per orbit, while the other
pair scans the earth and measures background noise from terrestrial
sources. Nodal regression introduces a gradual rotation of the scanning
plane, allowing eventual wide coverage of the celestial sphere.

Interpretation of the experimental data will require an accurate knowl-
edge of the antenna pattern at the time of observation and thus an accurate
knowledge of the antenna shape. The purpose of this analysis is to provide
a first approximation to the equilibrium shape of such a configuration under
the influence of gravitational, inertial, and solar pressure forces and ther-
mal bending. Experimentally determined antenna patterns based on the
shapes found with various design and orbit parameters would then be an im-
portant factor in the selection of actual flight parameters.

EARTH

The boom lengths (750 to 1000 feet) required by the nature of the ex-
periment and the payload weight limitations of proposed launch vehicles (200 Figure 1—Configura-
to 300 pounds for preferable orbits) necessitate the use of unusual beams tion of four coplanar

which cannot support their own weight here on earth. Although the loading booms,



that the orbiting array of booms will be exposed to is very small, it is easily sufficient, because of
the extreme flexibility of the members, to make this a problem of elastica (the nonlinear deflection
of long, thin beams) and a most unusual one.

The problem is essentially reduced to one of static, two-dimensional deflection of a fixed-free
cantilever beam when a circular orbit about a spherical earth with ideal gravity-gradient attitude
control of the central body is assumed and the sun is taken to be in the plane of the booms. The
combined effects of mechanical loading and thermal bending are considered, with the former
arising from gravitational, inertial, and solar pressure forces and the latter from a temperature
gradient across the boom cross section.

Interesting complications are introduced because most of these disturbances prove to be

functions not only of beam station but also of deflection and slope and because the thermal effects
do not vanish with the mechanical loading at the free end.

BEAM BENDING ANALYSIS

For any plane curve,

do
ds -~

[

. 1)

where

6 = slope of a line drawn tangent to the curve with respect to some reference line in the
plane,

length of curve, and

7]
0

radius of curvature.

Equation 1 becomes the basic differential

M equation for any planar elastic beam bending
r if an expression for the radius of curvature
can be found.
To + AT~ T,

Consider a section of a beam subject to a
\_/) bending moment M and a linear temperature
M

gradient AT/d where dis the beam width

-
il

d

(Figure 2).
Figure 2—Beam subject to a bending moment and Let 4s be the length of the beam section
a linear temperature gradient. for the case M = AT = 0. Under load, the new




length of the innermost fiber (¢,) is independent of AT and will be determined by the compressive
strain due to the bending moment according to

4,°= As(1+Strain)

s [1+(Stress/E)]

- ee [1 (/)]

Md

- m) , (2)

= As(l

where

modulus of elasticity of beam material,

j-—
1]

moment of inertia of cross section, and

[¢]
]

-d/2, distance of fiber from neutral axis.

The new length of the center fiber (4,) is independent of M and will be determined by the ex-
pansion due to the temperature gradient according to

1

2 As (1+Expansion per unit length)

)

where e is the thermal expansion coefficient of the beam material.

AT

= As(1+e7 (3)

Now, by similar triangles (Figure 3) with r >> as,
I Lz__lo—
=

r d (4) d
2

When the calculated values of £, and £, from

Equations 2 and 3 are substituted in Equation 4,

AT
ps (1+e ) (e
or
(1ve 2 )
Tte7)\1-

Figure 3—Determination of beam lengths.

3) = as(1-3m)r
5) = (1- 281) (5)



For values of e AT/2 and d/2r << 1,

AT _d o M
€72 “2r T T EI
and
1 . eAT M
¥~ d1TETC ©)

Substituting Equation 6 in Equation 1 and adopting the convention that values of r >0 cause the
slope to decrease give

do
ds

- 2

This, then, is the basic differential equation for the
elastic deflection of a beam under the combined influence
of mechanical loading and thermal bending.

A rotating coordinate system (Figure 4a) with origin
at the center of mass of a satellite in circular orbit is now
defined. The positive x-axis is directed outward along
the local vertical, and the positive y-axis is in the di-
rection of the satellite velocity vector v. Consider both
an array of booms and the sun in the x-y or orbital plane,
with the beam slope ¢ and the sun location « measured
with respect to the x-axis (Figure 4b).

Now, AT will be a function of the angle of incidence of
the sun's rays and will range from some maximum positive
y —_ - value for the case « -6 = 7/2 to a maximum negative value
for a-6 =-7/2. If the functional relationship AT = AT__ sin(a-6
is assumed, Equation 7 becomes

do M € 0Thax
S T "FI1C d sin (a-8) . 8)

The temperature AT, must be determined by thermo-
dynamic analysis and will depend on factors such as the
physical dimensions of the cross section, the type and
reflectivity of the surface coatings used, and the thermal

Figure 4—Sketch of coordinates. (a) Ro- conductivity of the materials. In practical applications of
tating coordinate system with origin at

(b)

with ori lon . - ces . .
center of mass of a satellite in circular g thin booms it is a very critical item, and extensive

orbit. (b) Measurement of beam slope & efforts are being devoted to minimize AT _, and thus limit
and sun location a. thermal deflections.



In order to find the bending moment M, consideration must be given to the mechanical loading
to which the beam is exposed. In the present problem the loading is purely distributed and arises
from solar pressure, gravitational, and inertial forces.

It is now necessary to determine this mechanical loading and then to consider how it and the
bending moment are related in the case of large deflections., The geometry of the beam cross
section must be specified before solar pressure effects can be considered. In the present case, the
beam cross section will be assumed to be circular (Figure 5). For « >4, the upper half of the beam
section will be illuminated as seen in Figure 6.

Consider an element of illuminated area (d/2) d¢ds. The unit vector normal to this area is

-cos¢ sinf

=2}
!

cos¢p cosd

sin ¢

A unit vector parallel to the sun's rays is

cos a

wnl
|

sin a

0

The effective area exposed to the solar flux is given by

d , .
dAe“ = 3 (n*s) dep ds
d . .
= 3 cos@(sinacos f-cosasinf)dpds
d .
= 3 cos¢sin(a-0)dpds . (9)
i-\ If this area is to be always positive
n N
¢ /
d
>/—————1—— dAy = 7 cos¢ Isin {(a - 8)| dpds . (10)
f N
d /I\
S
@\ =
— \
R 6
J
k l x
i
r4
Figure 5—Geometry of a beam
cross section. Figure 6—Illumination of a beam section when a>¢,



When 100-percent spectral and total reflection of the sun's rays is assumed, the force exerted
on the element of area is normal to the surface and is given by

dF = 2p,(R-S)dA, (11)
where p_ is the solar pressure in the vicinity of the earth.

From symmetry, it is seen that the only component of this force which contributes to the net
load on the beam is cos ¢ dF. In order to find the normal load per unit length due to solar radiation,
we integrate over the illuminated portion of the beam section (Figure 7):

7/2
2 f cos ¢ dF

_ 0
wsp - ds

4p,_ sin (a-6)

/2
= - - 2
ds J cos?¢dA
0

/2
= 2p°dsin(a—9)|sin(a—9)|J cosd pdo
0

= g—podsin(a—ﬁ)[sin(a—e)l . (12)

In order to determine the gravitational and inertial loading, consider a location (x, y) on the
beam which determines a position vector R (Figure 8). Under the constraints listed previously in
the introduction, the only inertial loading will arise from
L\ the centripetal acceleration and will be
¢

7 5 = ew’R, (13)

where p is the linear mass density.

B ,
S,

| *
Figure 7=Solar pressure force on a .
circular beam cross section with Figure 8—Coordinate system used to determine
upper half illuminated. gravitational and inertial loading.




The gravitational loading will be

g, = -Meo

2 R3 (14)

where GM is the earth's gravity constant. At the center of mass (0, 0), 4, +4, = 0, so we can write

- Mo -
2 —
pw R, = —— R ,
0 R03_ 0
from which
= 3,2
M RO w® (15)
Thus, in general,
RS
U, +d, = p? <1—R—3>R. (16)
Since
R? = (Ry*+x)? +y2,
R3
0L L3(p2 b x2+y2)-3/2 17
R3 _RO(RO+2ROXX y?) J 17)
and, for x, y « Ry,
3
.R_O x 3 2 +9R. -3/2
RS R, (Ro ox)
~ (l+2—x_>-3/2
R,
~ X
= 1-3 X, (18)
Therefore,
- o~ 3\, = o .
up tu, = e (i;)(Ro+x+y)v
~ ﬁ0
= 3pw?x T (19)
0



The load per unit length due to the combined
gravitational and inertial forces, the "gravity
gradient" loading, is thus

W, = 3mix, (20)

parallel to the x-axis.

The relationship between the mechanical
Figure 9—Free-body diagram with coordinate system used loading and the bending moment can be found
to determine mechanical loading and bending moment. from the free-body diagram below (Figure 9).
Let the total reaction at point s consist of a
tension force 7, a shear force vV, and a bending moment M. For static equilibrium, it is necessary
that

4
M(s) + J {[x(t)—x(s)] W, (8- [y(t) ~y(s)] W, (t)} dt = 0 (21a)
Vecosd(s) - 7sind(s) + fwy(t)dt a2 0, (21b)
and
4
-Vsinf(s) - 7cos 8(s) +J W o(t)ydt = 0 . (21c)

Differentiating Equation 21a with respect to s, produces

4
dhfiss = —@J’ W, (t)dt - —%Sﬂ W (t)dt . (22)

s

When Equations 21b and 21c¢ are combined and - is eliminated (dx/ds = cos6 and dy/ds = sin§
in the following equations),

<
|

4
- cos f(s) j W, (t)de + sin &(s) W, (t)dt

£
- ) f W, (yde + 2B (e ar

- ‘EE' (23)




When Equations 21b and 21c are combined and V is eliminated,

4 4
T = sin@(s)J W, (tydt + cosﬁ(s)‘[ W, (t)ydt .

By differentiating the expressions for v and 7,

dv . dé :
ds = sind(s) ES_J. W, (t)dt + W (s)cosb(s)
dé t
+ cos Q(S)Ef W (t)dt - W (s)sinf(s)
dé .
= T ds P W,(s)cosO(s) - W, (s)sinf(s)
and

dr do t
ds = cosf(s) g5 W, (t)ydt - W, (s)sind(s)

4
= sind(s) ggJ' W (t)dt - W _(s)cosé(s)

= -V g_i - Wy(s) sinf(s) - W, _(s)cosf(s) . (26) /

Equations 25 and 26 can be written in terms of the normal
and tangential components of the loading (see Figure 10):

dv dé
ag = - wn + 7 ds (27)

dr dé
d—S = - wt -V E (28)

In the present problem,
W, T W, +W,_sin6 (29)
and

W, = W _cos@, (30)

(24)

(25)

wx I

|
\

riguie 10=Normal and tangential

components of loading.

Yo

Figure 11—Components due to solar

where W__ and W_. (see Figure 11) have the values given in

and gravitational forces.

©



»

Equations 12 and 20. The set of differential equations governing the deflection of the booms then

becomes
& M AT, W
ds ° "EI " d sin (a - §)
-
ds -~ ~V
> (31)
dv .
s ° —%podsin(a-é)\sin(a-ﬁﬂ - 3pw?xsin8 +TS—§
dé
—g—;— = - 3ow?xcosf - Vgg ¢ )
* where

5
x = Jcosé’ds .
0

SOLUTION OF EQUATIONS

Because of the formidable nonlinearity and the coupled nature of the system of differential
equations derived, a machine solution was sought. An analog computer with repetitive-operation
capability and oscilloscopic display of several problem variables was found to be an ideal tool.

An analog computer is a time-integrating machine, so that a suitable change of variable, such
as

[

kt

and

d o 1d )

G () = xdae () ° w
is a required preliminary step. In addition, problem variables are represented by voltages on the
computer and must be scaled so that working voltages are of convenient magnitudes. For a computer
designed to operate in the range of +10 volts, for instance, the quantity [10 sin 9] would be more
useful than [sin 0] (the brackets indicate "computer variables''). Wherever sin¢ appears in an

10




equation, it is therefore replaced by 1/10 [10 sin e’]. Similarly, it is necessary to substitute
1/ai[ai F, (t)] , where a, is a suitable "scale factor," for other functions F,(t).

For the sake of clarity in discussing the general method of solution for the system of equations,
all constant quantities will be ignored, including those introduced by the change of variable and

scaling. For constant valuest®, I, e, AT, ,d,p,, 0, andw, consider the following set of equations
derived from Equations 31:

g = -M-sin(a-6) h

M= -V

V = -sin(a-6)|sin(a-8)| - xsind + 78 & (32)
# = -xcosf - VO

x = cosf )

The symbol for, and the result of the operation of an analog computer integrator are shown in
Figure 12 (note the sign inversion). A set of five integrators, one for each of the differential
equations involved, is shown in Figure 13. Here 6 can be used to generate sin 8, cos 6, sin (a-9),
and |sin (a - 6)| through the use of function generators, summers, and comparators (see Fig-
ure 14). This is the equipment necessary for computing all of the variables appearing in Equa-
tions 32, so, with the additional help of a few multipliers (Figure 14d), the complete computer
circuit shown in Figure 15 can now be developed.

The analog computer is by nature an "initial-condition" type of machine and requires, in this
case, the initial values 6_,M_, V_, 7_, and x_ as inputs. 6_is merely the initial slope of the beam
and presents no problem, and, x, = 0. The boundary conditions associated with the other variables
are imposed at the free end of the beam, however, and they arise from the vanishing of mechanical
loading at s - 4. It is thus necessary that

) ol 4

and the initial values of these variables are not
known.

eo
-8, To o
ey(t) ————d '
- + + eq)dt . A 5 .
e (t) ——————f o L(e] %2 -6 0 T -T x -x
Figure 12—Analog computer integrator. Figure 13—Integrators for Equations 32.
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6 —— SIN sin 8 - (e;+e;)

(a) (b)

€ref ey
B er (if erer >0) © %12 (EiTHER SIGN
MP 0 €2 —— 0
e “ ez (if eres <0) i ML AVAILABLE)
(c) (d)
Figure 14—Equipment necessary to compute all variables in Equations 32. (a) Function generator;
(b) Summer; (c) Comparator (if e, = e , and e, = - e, then Output = \e] 1) (d) Multiplier.
- sin (a - 6) (a - 8) Some analog computers have a repetitive
sin .
s —sin . i s 14 1
U {a-0)] o (an) ope.ra ion capability and a built-in multichanne
] oscilloscope. In its REP-OP mode, the com-
= sin -8
I(a.—G) Vo Mo 0 -a puter rapidly and repeatedly solves a set of
(a6} . : | |> 6 equations with the start of each solution trig-
gering the sweep on the scope. The continuous

behavior of the variables as functions of time
can be displayed by feeding several variables
into the oscilloscope. This unique capability
was used very successfully in the solution of
this problem.

Initial conditions are controlled by potenti-~

“x sin 6 Hywr Gin 0 ometers which can be adjusted while the com-
\_:’ G puter operates in its REP-OP mode. Values of

M_,V, ,and 7 can be estimated and M, V and

7 can be displayed on the oscilloscope. Also the
quantities +(4/k -t) (Figure 16) can be com-

Figure 15—-Diagram of the complete computer circuit.

- t/k puted and fed into the oscilloscope.
) With the computer in operation, the oscil-
5]
1 k \ o - ( £ f) loscopic display might appear as shown in
/ k Figure 17. At point B the time t = £/k so that

this point identifies the time corresponding to
s = 4, the free end of the beam. The free-end
boundary conditions demand that the moment, shear, and tension curves pass through this point.
Solving the problem is reduced to adjusting the three unknown initial conditions in such a way
as to achieve this.

Figure 16—Computation of + (£/k - t),
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Practically speaking, an approximate solution is easily obtained. An upper limit for the tension
at the fixed end can be simply calculated, so this is used as a starting point for 7 . Likewise, sim-
plifying assumptions canbe used to get approximate values for M_ and v_. With a little practice, point
Acan be readily moved about by manipulating M_and v_. By alternately forcing point A to coincide
with B, and adjusting 7, so that the = curve intersects the t-axis at B, the solution may be quickly found.

What has actually been accomplished inthus
finding the solution is the determination of the
complete set of initial conditions necessary to
satisfy all of the boundary conditions of the
problem. If the objective is to determine the
actual shape of the beam, we must use the
normal mode of computer operation, add a cal-
culation of y(t), and rerunthe problem with x(t)
and y(t) fed into an x-y plotter (Figure 18).

The larger scale of the plotter makes re-
finement of the solution possible if desired.
Accuracy can be improved by plotting out the
variables previously displayed on the oscillo-
scope and by making small changes in the initial
conditions. This is generally not required, how-
ever, since the resulting shape changes are
insignificant.

In general, a separate solution is required
for each boom of an array since the sun aspect Figure 17~Typical oscilloscopic display of variables.
angle will be different for each, as shown in Fig-
ure 19. In a typical case, after the shape of
boom 1 has been determined, we can change a

fsin 6 dt=y(t)
to -a, solve the same equations, and plot x -sin @ y =
versus -y to add boom 2 to the array. The

Yy ¥

x(t) ———] X

manipulations required for the solution for each
boom of the four-boom configuration can be ob-

Fi 18—C t tion to obtai
tained from Table 1- |gure ompu er opera on 10 obrain

actual shape of beam.

Table 1
Manipulations Required for Determining NP
Various Boom Shapes. Y /<| v
Value to be
Boom ® 0 ¢
substituted for a Value to be plotted \
X
1 a X, ¥
2 —a X, -y [©) @
3 a — 17 -X, —y
4 T - a -X, ¥ . . .
Figure 19—Four-boom configuration.
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APPLICATION

The present analysis was developed for, and first applied to, a Radio Astronomy Explorer
design which featured hollow, silver-plated beryllium-copper, tubular antennas which are stored
on spools during launch and extended in orbit (Figure 20).

Key parameters involved in the study included:
1. Tube diameter = 0.5 inch,
2. Weight = 0.017 pound per foot,
3. Effective stiffness, EI = 10 1b-ft?,
4. Length = 750 to 1000 feet,
5. "v'" half angle = 15° to 30°,
6. Orbital altitude = 2,000 to 10,000 kilometers,
7. Thermal control, AT_, = 2°F, and
8. Thermal expansion coefficient = 1075 per °F.
The uselessness of an ordinary linear beam analysis

) with this set of parameters can readily be seen. In order
to demonstrate the inexactness of such an analysis and to

G indicate the orders of magnitude of the numbers involved
in this problem, a calculation by this method is given in
Figure 20—Tubular antenna. Appendix A.
RESULTS

Several series of runs, which involved various combinations of parameters, were conducted,
and the results were displayed in different forms. From the various combinations tested, the com-
bination of a 750-foot length, a 22.5-degree half angle and a 6000-kilometer orbital altitude was
tentatively selected for flight. This configuration is the only one discussed here and nothing other
than comments on the general characteristics of the solutions, the sensitivity to changes in the
various parameters, and the presentation of a few typical shapes are given in the present section.

When solar effects are ignored, the gravitational and inertial loadings always tend to close
both the upper and lower "V'' symmetrically (Figure 21). Since the forces involved are proportional
to «?, and thus to 1/R?, the resulting distortion is quite sensitive to altitude.

The introduction of solar effects adds a deflection away from the sun in all cases, with both
the solar pressure and the thermal gradient contributing to the deflection. If the sun lies along one

14




UNLOADED

LOADED

EARTH

Figure 21-Gravitational and
inertial effects on an array
of booms.

Figure 22—Solar effects on on array of booms.
of the coordinate axes, symmetry about that axis is maintained (Figure 22), but, in general, solar
effects completely destroy the symmetry of the array.

Typical shapes for the array which has the parameters given above are shown in Figure 23.
The equilibrium shape obtained in the absence of solar effects is shown in Figure 23a. Note the
significant tip deflection of about 150 feet in this case. The closing becomes more severe for
lower altitudes (e.g., a 2000-foot altitude).

The equilibrium shape obtained with the sun on the y-axis and AT_, = 2°F is shown in Fig-
ure 23b. The results of the solar effects are apparent, but are primarily confined to a rotation of
the antenna pattern by a few degrees.

The critical nature of AT, ,, is better illustrated in Figure 23c where AT, has been increased
to 4°F and distortion of the array is much worse. Note that when the sun is on the y-axis the in-
ward and outward looking antennas remain basically the same but are rotated out of line.

x

Figures 23d and 23e show the same configuration with the sun now on the x-axis and with AT __

equal to 2°F and 4°F, respectively. The effect is of an opening of the upper, and a closing of the
lower, "Vv'". This means that the two antennas now have different characteristics, although they
remain in line,

Intermediate sun angles will generally result in two different basic antennas which are misa-
ligned, and data reduction becomes complicated.

(Manuscript received June 10, 1965)
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Figure 23—Equilibrium shape of array with boom length of 750 feet and V half angle of 22.5° at an altitude of
6000 km. (a) No solar effects. (b) Sun on y-axis; AT, = 2°F. (c) Sun on y=-axis; AT . = 4F. (d) Sun on x-axis;
AThax= 2%F. (e) Sun on x-axis; AT . = 4%F,
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Appendix A

Linear Beam Analysis

The mechanical loading on the beam consists of two components, W,, which is normal to the

surface and given by Equation 12, and W, , which is parallel to the x-axis and given by Equation 20.

In the linear beam analysis, the £, n coordinate system shown in Figure Al is used, the load-
ing based on the undeflected shape is calculated, and the familiar linear beam equation, modified
to include thermal bending is employed. Thus,

d? M
wr T CEIC a sin(a-9) (a1)

with

dn
70) = F(0) = 0.

In the present case the bending moment can be |

Nty
written explicitly as (see Figure A2), Y s l N
/
n y \
4 s :
M(&) = J‘ (Wsp W, sing) (0 -¢&)do, (A2) S~ @
£ . \l
99
W,
where 0] * x
_ 4 . i
Vo = 3P,dsin(a-6) Isin (a-6)] . Figure Al—Coordinate sysiem &, ; employed
in linear beam analysis.
ng = 3pw? o cos 8 .,
and ¢

Thus

o = dummy variable . — f—‘( 0
A Y
Z

4
M= J (A+Bo) (0~ §&)do s (A3)
£ Figure A2—Simplified sketch of beam under loading.
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where

4
A - gpodsin(a—é’).sin(a—w)l ,
and
3
B = 3 o? sin 2¢ .
Therefore,
o2 £ o3 o)t
M o= A me9], PBlY Te 7,
72 B 52 ,{3 12 . §3 A
4A<—2——£g+—2*>+13<‘3—2g+——6—~ (A4)
Now,
d? A /L2 ooe2 B /13 72 :3>
PR "'E—1<—2 ez ) eIz " 2°"%6) € (A5)
where
eATmax
c - 4 - sin @~ )
Therefore,
dn A f12 4 &3 B (3, 12 ., &t .
o 'E'i<25'752+? SET\3 ST sttt (A6)
A (L2 g, &} B (03 ., 1% ., ¢ C .,
(. —f‘x<?“2‘€s3+z4‘ﬁ (RN VIR U ) B AR (AT)
and
, Al? 11B/S  ct?
7wty T BET T 120ET T 2T (A8)
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.
The parameters listed previously can now be inserted; that is,
Length = { = 750 feet,
"V' half angle = ¢ = 22.5°, and
Orbital altitude = 6000 kilometers.

The only required quantity not known is «2, and this can be found from the circular orbit con-
dition given by
_ _, km Ry \?
(RE+h)w2 = 9.8 x 103@<w> ’ (A9)

where R, is the radius of the earth (6378 km) and h is the orbital altitude. When h = 6000 kilom-
eters, «? = 2,1 X107 sec™?,

If « = 90°, the constant associated with the solar pressure force becomes (with

p, = 9.5 x 1078 Ib/ft?),

4 1
A = 3(9.5x1078) (—2—4)Sin267.5°
= 4.50 x 1077 Ib/ft ,
the constant associated with the "gravity gradient" loading is

_ 30.017 )
B = 73516 (2.1x1077)(0.707) ,

1.18 x 1070 1b/ft2 |

and the constant associated with the thermal bending will be

-5
(101/l4<2) sin 67.5°

1

4.43 x 107* per foot .

The tip deflection n({) becomes

_ (4.50x1079) (750)*  11(1.18% 1071°)(750)5
n(ty = - 8(10) B 120(10)

(4.43x 107%) (750)2
- 2

= =~ 17.8 - 256.7 - 124.6 = 399.1 feet .

This is clearly twice the tip deflection found in the computer solution of this problem (Fig-
ure 23). These numbers do however provide an indication of the relative contributions of solar
pressure, "'gravity gradient' loading, and thermal bending to the total deflection.
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